The linear and third-order polarizabilities of the light-harvesting antennae of photosynthetic bacteria and green plants are calculated using an equation of motion approach which maps the system onto a coupled set of anharmonic excitonic oscillators. The oscillator representation is shown to have several advantages over the traditional picture based on properties of individual global eigenstates of the aggregate; besides a considerable reduction of computational effort, the dynamics of excitations in the two-exciton band is conveniently analyzed in terms of single-exciton Green's functions and the two-exciton scattering matrix.
I. INTRODUCTION
The primary processes of photosynthesis, the capture of sun light, and the subsequent conversion into chemical energy, constitute the very basis of all life. The high efficiency and flexibility of theses processes, which take place in green plants, photosynthetic bacteria, and certain algae, make them an intriguing subject to study. 1 Recently, high resolution structural data of various photosynthetic antenna complexes became available. [2] [3] [4] The possibility to unravel the relationship between microscopic structure and optical response triggered a host of spectroscopic investigations.
One of the most extensively studied systems is the antenna complex of purple bacteria. In many cases one can distinguish between a core antenna ͑LH1͒ surrounding the reaction center and an outer antenna ͑LH2͒, both having a circular symmetry. To date, high resolution ͑2.5 Å͒ data, which allow for a clear assignment of protein and pigment molecules, are available for the LH2 of Rhodopseudomonas (Rps.) acidophila 3 only. Using these data and a fit of the linear absorption and circular dichroism lineshapes, K. Sauer and coworkers 5 recently proposed interaction energies between pigments as well as molecular transition energies. The LH2 exhibits two distinct absorption maxima in the spectral region between 800 and 900 nm. In the wild-type Rhodobacter (Rb.) sphaeroides, for instance, these are located at about 800 nm ͑B800͒ and 850 nm ͑B850͒. The position of the B850 band, however, can be experimentally varied by means of site-directed mutagenesis. 6 The structure of LH1 is known only to a 8.5 Å resolution, indicating the overall symmetry of the complex. 4 The relevant absorption maximum of this core antenna is typically at about 875 nm ͑B875͒.
Various ultrafast spectroscopic techniques, such as oneand two-color pump-probe, 7 time-integrated two-and threepulse photon echo, 8 and transient grating 8 have been employed in order to determine the relevant time scales for exciton motion in the antenna complex, which range from about 0.7 ps ͑B800→ B850͒ to 2.6 ps ͑B850 → B875͒ at room temperature. The role of the spectral overlap between the B800 and the B850 bands for the excitation energy transfer has been highlighted in a subpicosecond one-color pumpprobe study of site-directed mutants of the LH2 of Rb. sphaeroides at 77 K. 9 It was found that with increasing blue shift of the B850 band relative to the unchanged B800 band the transfer becomes faster, as predicted by Förster's theory.
The structure of green plants antenna complexes lacks the high symmetry found in LH1 and LH2. Electron diffraction on two-dimensional crystals of the Chl a/b containing complex related to photosystem II ͑LHC-II͒ revealed twelve chlorophyll molecules ͑7 Chl a, 5 Chl b) arranged in two layers within the thylakoid membrane. 2 In contrast to the bacterial antennae the current resolution of 3.4 Å does not allow the determination of orientations of the transition dipoles in the membrane. Hence the simulation of the linear absorption spectrum of LHC-II becomes more involved as will be shown below. The low temperature spectrum shows three major peaks at about 650 nm ͑Chl b), 671 nm ͑Chl a), and 676 nm ͑Chl a). The time scales found for energy transfer between the Chl b and Chl a pigment pools using the pump-probe technique range from 500 fs 10 to 150 fs. 11 Transfer times of 500 fs 12 and 250 fs 13 have been derived from ultrafast fluorescence measurements. Very recently a comprehensive study of the energy transfer covering a broad spectral range clearly demonstrated a multitude of time scales from several hundred femtoseconds to some tens of picoseconds. 14 With the advent of ultrafast nonlinear optical spectroscopies the dynamics of excitons in molecular aggregates has attracted considerable attention. Phenomena arising upon aggregation, such as exciton cooperativity and two-exciton resonances, have been discussed in great detail for dyeaggregates ͑e.g., the J-aggregate pseudoisocyanine 15 ͒ and very recently for photosynthetic antenna systems.
1 Aggregates made of multi-level molecules show two types of twoexciton states. The first originates from intramolecular transitions and exists also in the monomer. We shall denote these molecular double excitations ͑MDE͒. The second type are delocalized excited states whose oscillator strength is induced by the intermolecular dipole-dipole interaction, which can become rather strong for the observed distances between certain pigments of about 8-10 Å. They will be denoted collective double excitations ͑CDE͒. Depending on the aggregate geometry and energetics MDE and CDE can be strongly mixed. We shall refer to the entire two-exciton manifold in the aggregate, representing the coupled MDE and CDE, as the two-exciton band.
The importance of the incorporation of MDE of the BChl a monomers in the interpretation of pump-probe data obtained for Rb. sphaeroides was recently emphasized by Sundström and coworkers. 16 The possibility of singlet excited state absorption has also been discussed for the LHC-II system. 11, 14, 17 The interplay between MDE and CDE was recently studied for linear aggregates. 18 From the theoretical point of view, the description of the nonlinear optical response by means of equations of motion for a set of relevant exciton variables has proven to be advantageous compared with, for instance, a sum-over-states ͑SOS͒ approach, which is based on a complete knowledge of the global eigenstates of the system. An intuitive picture emerges in which the aggregate is viewed as a collection of coupled driven anharmonic oscillators. 19 This approach further results in a considerable reduction of the numerical effort. It becomes particularly attractive when only a few oscillators dominate the optical response. This enables us to investigate larger aggregates such as the photosynthetic antenna complexes.
In this paper we apply the excitionic oscillator Green's function approach to the analysis of two-exciton dynamics and their spectroscopic signatures in pigment-protein complexes of photosynthetic antennae. Our primary goal is to highlight the relation between antenna geometry and energetics and its two-photon spectroscopy using a rigorous theoretical model. In Appendix A we show how the Hamiltonian representing an aggregate of multi-level molecules can be recast in terms of coupled anharmonic oscillators. In Section II we use this representation to calculate the first-and the third-order polarizabilities of aggregates made of three-level molecules having an arbitrary geometry. The optical susceptibilities are given in terms of single-exciton Green's functions and the exciton-exciton scattering matrix. We further compare the excitonic oscillator picture with the standard sum-over-states ͑SOS͒ approach which is based on the global aggregate electronic eigenstates. Numerical results for the two-photon absorption spectrum are presented in Section III. We first study a dimer to illustrate how different resonances show up in the Green's function expression ͑GFE͒. We next apply our model to the LH2 and LHC-II antenna complexes and analyze the two-exciton spectroscopic features. The results are summarized in Section IV.
II. EXCITONIC-OSCILLATOR PICTURE FOR COUPLED MULTI-LEVEL MOLECULES
We consider an aggregate made of N molecules each described by three electronic states S 0 , S 1 , and S 2 24 . We assume that only the S 0 → S 1 and the S 1 → S 2 transitions have finite matrix elements of the transition dipole moment denoted by n (10) and n (21) . The molecules interact via dipole-dipole interaction. The Hamiltonian will be first expressed in terms of exciton creation and annihilation operators, b n f
where ͉1 n ͘ and ͉2 n ͘ represent the states S 1 and S 2 of the nth molecule. Using these variables the Hamiltonian is now written in the form
͑2.9͒
and
Here ⍀ n ϭ⍀ n Ϫi⌫ n , g n ϭg n ϩiប⌳ n , J mn is the hopping matrix, and the molecular dipole operator is taken to be linear in the new operators,
The new parameters ⍀ n , n , and g n as well as the ratio n may be expressed in terms of the transition energies and the transition dipole matrix elements, which characterize the system according to Eqs. ͑2.3͒ and ͑2.5͒ for a given geometry. This is done by comparing the relevant matrix elements of H 0 and H 0 Ј as well as the molecular dipole operators. All the parameters of Eqs. ͑2.9͒ and ͑2.10͒ are uniquely defined by the parameters of the original Hamiltonian ͑2.2͒ and are listed in Table I and illustrated in Fig. 1 . In Fig. 1 we also introduce the quantity ⌬ n ϭប⍀ n (2) Ϫ2ប⍀ n (1) to denote the anharmonicity of each oscillator. Using the oscillator Hamiltonian parameters we have ⌬ n ϭ n 2 g n /2ϩ( n 2 Ϫ2)ប⍀ n . We note the following two limits of our excitonic oscillator model. For n ϭ0, the S 1 → S 2 transition is forbidden and we recover the model aggregate of two-level molecules. 19 When n ϭͱ2 and ⌬ n ϭ0, the system is harmonic and the third-order nonlinear optical response vanishes identically. This results from interference between ''two-level'' contributions involving states S 0 and S 1 alone and ''three-level'' contributions which also include S 2 . 19 The two sources of nonlinearities in the present model are therefore the anharmonicity ⌬ n and the deviation of n from the harmonic oscillator value ͱ2. In molecular crystals and aggregates such as the antenna complexes, the transition energies are large compared with the intermolecular coupling. We further assume that ⌬ n is small compared to the electronic transition energies. Thus only the resonant processes shown in Fig. 2 give significant contributions to H dϪd . We have energy transfer involving the S 1 -state ͓Fig. 2͑a͔͒. The presence of higher excited states leads to energy transfer involving the S 1 -and S 2 -states ͓Fig. 2͑b͔͒. The process shown in Fig. 2c can result in exciton-exciton annihilation provided it is followed by a fast internal conversion of S 2 to S 1 .
III. EQUATIONS OF MOTION AND GREEN'S FUNCTION EXPRESSIONS FOR THE OPTICAL RESPONSE
To calculate the nonlinear optical polarizabilities of our system we need to introduce its coupling with the radiation field. The total Hamiltonian becomes
where the aggregate Hamiltonian, H, is given in Eq. ͑2.8͒, and the coupling to the classical external field E ជ (r ជ ,t) is
͑3.2͒
We will calculate the response to third order in the external field using the equation of motion approach. 22 In general the dynamics of one-exciton variables ͗B n ͘ is coupled to the higher-order exciton variables ͗B 
Hopping matrix ͑S 1 ) tions to the line broadening, pure dephasing also requires extending the equations of motion to include additional dynamical variables. 15, 19, 23 In general pure dephasing due to the coupling between exciton dynamics and phonon modes of the environment cannot be neglected in photosynthetic antenna complexes. In order to investigate the principal spectroscopic signatures of the two-exciton band in structurally different aggregates, however, we will neglect such processes in the following discussion. This is justified, for instance, at low temperatures, where the fluctuations of the environment are approximately frozen in. Hence we need to consider only the evolution of the two-exciton variable ͗B m B n ͘ in addition to the single exciton variables ͗B n ͘.
The resulting equations of motion are
͑3.4͒
Here we defined the matrices
͑3.8͒
We have introduced the notation E n (t)ϭ ជ n E ជ (r ជ n ,t). Note that the resonant energy transfer between S 1 and S 2 ͑Fig. 1b͒ does not contribute to the third-order signal.
Assuming that the aggregate is small compared with the optical wavelength, its optical response is determined by the expectation value of the polarization operator Pϭ ͚ n n (B n † ϩB n ). The optical susceptibilities are then defined by
Here, E j is the amplitude of the j-th mode of the field with frequency j .
The formal structure of Eqs. ͑3.3͒ and ͑3.4͒ has been investigated previously. 36 Following Ref. 36 we express the optical response in terms of the one-exciton Green's function,
The linear susceptibility then reads as
͑3.11͒
and for the third-order susceptibility we obtain
Here s ϭ 1 ϩ 2 ϩ 3 and cЈ.cЈ. stands for complex conjugation and changing of the signs of all frequencies j →Ϫ j ( jϭ1, 2, 3) . perm denotes the sum over all permutations of pairs (m j , j ). All information about MDE and CDE is included in the scattering matrix ⌫(). Due to the local nature of the commutation relations ͑2.7͒, this matrix is not a tetradic N 2 ϫN 2 but a NϫN matrix,
with
and the zero-order two-exciton Green's function is given by
An important limit of Eq. ͑3.12͒ is the local field approximation ͑LFA͒. In the equations of motion language the LFA implies a factorization of the intermolecular two-exciton
Inserting this into Eqs. ͑3.3͒ and ͑3.4͒ yields the following approximation for the scattering matrix:
͑3.16͒
The structure of the two-exciton scattering matrix ͓Eq. ͑3.13͒ or ͑3.16͔͒ reflects the roles of statistics and anharmonicities in the optical nonlinearities. Obviously, ⌫() reduces to the two-level limit with Pauli statistics ( n ϭ0) 22 as well as to the limit of three-level anharmonic oscillators with Bose statistics ( n ϭͱ2, anharmonicity ⌬ n ϭg n ). The latter case has been used to treat excitons in coupled two-level systems as soft-core bosons. 23 Double occupation of an excited state is discouraged by means of a repulsive potential in the Hamiltonian Eq. ͑2.9͒, with strength g n . In the limit g n →ϱ, the exciton scattering matrix for Paulions ͑hard-core bosons͒ is recovered. 19 The advantages of the excitonic oscillator compared with the SOS-approach have been demonstrated earlier. 19 For aggregates consisting of coupled three-level molecules the SOS-method requires the calculation of 2Nϩ(NϪ1)N/2 eigenstates, i.e. N more than in the twolevel case. On the other hand, in the GFE the third level merely leads to a modification of the scattering matrix retaining its NϫN dimensionality.
In order to analyze the numerical results obtained from Eq. ͑3.12͒ in the following section it is instructive to introduce the one-exciton eigenstates ͉␣͘ which satisfy
͑3.17͒
with B n † (B n ) obeying Bose statistics ( n ϭͱ2). The oneexciton Green's function then becomes
and for the two-exciton Green's function we have
Here we introduced phenomenological lifetimes (⌫ ␣ Ϫ1 ) for the single-exciton states.
24 Equation ͑3.12͒ can then be rewritten as
where
with ⌫ mn () given by Eq. ͑3.13͒. The oscillator transition dipole matrix elements are given using the one-exciton eigenstates,
.21͒ provides a convenient way to trace the origin of different resonances, i.e. the Green's functions and ⌫(), which interfere to give (3) . For comparison we give the third-order susceptibility using the SOS-representation,
Here, g denotes the ground state (ប g ϭ0,⌫ g ϭ0), (e,eЈ) the one-exciton states, f the two-exciton states, ab is the matrix element of the transition dipole between states a and b, and
We shall compare the SOS-expression and the GFE by looking at two-photon absorption and invoking the rotating wave approximation. The SOS-expression gives
whereas Eq. ͑3.21͒ gives
The matrix elements F mn () which enter the scattering matrix can be written as
2 ͔͒ ͗m͉␣͘ ͗m͉␤͘ ͗␤͉n͘ ͗␣͉n͔͘.
͑3.28͒
In the two-level limit ( n ϭ0) F mn ()ϭ2បG mn () contains the interaction-induced two-exciton resonances ͑CDE͒ only. For n 0 the latter are modified, and new resonances show up due to their coupling to the intramolecular S 2 states. Equation ͑3.27͒ will be used in the following Section for the calculation of the third-order response of different aggregates in the frequency-domain. The time-domain response can be calculated by solving the equations of motion ͑3.3͒ and ͑3.4͒ using numerical integration. Different techniques are characterized by a different wavevector of the signal. The appropriate expressions which allow for a bookkeeping of the wavevector dependence of the excitonic variables are given in Appendix B.
IV. NUMERICAL SIMULATIONS

A. Molecular dimer
Many of the features of two-photon spectroscopy of aggregates can be understood by considering a dimer. We shall therefore start our discussion with a detailed analysis of a dimer made of three-level systems. The one-exciton energies are given by
with the eigenstates
and the transformation angles
͑4.3͒
Hence we can express Eqs. ͑3.21͒-͑3.23͒ in terms of Ϯ and ⌰ Ϯ . In Appendix C we give the scattering matrix ⌫().
We calculated the differential pump-probe spectrum
In the following we refer to W TPA as the two-photon absorption ͑TPA͒ signal. We consider a nondegenerate dimer with ប⍀ 1 ϭ1.475 eV, ប⍀ 2 ϭ1.525 eV, J 12 ϭϪ0.05 eV, and ប⌫ϭ0.0005 eV. In this model about 90% of the oscillator strength is in the transition to Ϫ . We shall distinguish between three typical cases which differ by the detuning of 1 and 2 : ͑1͒ Both frequencies are tuned far off-resonant from any one-exciton transition. ͑2͒
1 is in the vicinity of a one-exciton transition and 2 is tuned across one-and two-exciton resonances. ͑3͒ 1 is in resonance with a one-exciton transition and 2 is tuned across one-and two-exciton resonances. In Fig. 3 we display W TPA for these cases in the two-level limit ( n ϭ0). In panel ͑a͒ we show case ͑1͒ which yields excited state absorption due to a transition from a one-to the two-exciton state at energy ϩ ϩ Ϫ . If 1 approaches a one-exciton resonance, 1 → Ϫ in Figs. 3͑b͒ and 3͑c͒ ͓case ͑2͔͒, W TPA shows a dispersive feature as 2 is scanned through a one-exciton resonance and excited state absorption if 1 ϩ 2 ϭ ϩ ϩ Ϫ . Note that when 1 is tuned within the linewidth of the one-exciton transition, one-and two-photon resonances strongly interfere ͓Fig. 3͑c͔͒. If 1 is on resonance with a one-exciton transition ͓case ͑3͔͒ this interference leads to FIG. 3 . The two-photon absorption signal, W TPA , calculated for a dimer made of two-level molecules using different detunings. ͑a͒ ប 1 ϭ1 eV ͓case ͑1͔͒, ͑b͒ ប 1 ϭ Ϫ Ϫ0.01 eV, ͑c͒ ប 1 ϭ Ϫ Ϫ0.002 eV, and ͑d͒ ប 1 ϭ Ϫ . The other parameters are ប⍀ 1 ϭ1.475 eV, ប⍀ 2 ϭ1.525 eV, J 12 ϭϪ0.05 eV, and ប⌫ϭ5ϫ10 Ϫ4 eV.
saturated absorption for 2 ϭ Ϫ and an excited state absorption for 2 ϭ ϩ , as seen in Fig. 3͑d͒ . If a third intramolecular level is taken into account, two additional two-photon resonances become possible. These are conveniently investigated in case ͑1͒. In Fig. 4 we choose ប 1 ϭ1 eV and tune 2 across the two-exciton band. Figure  4a shows the dependence of W TPA on the anharmonicity ⌬ n for n ϭ0.5. For small ⌬ n there is a strong mixing between the CDE at ប( 1 ϩ 2 )ϭប( ϩ ϩ Ϫ )ϭ3 eV for n ϭ0 and the two MDE's. Increasing the anharmonicity, ⌬ n , reduces the coupling between intra-and intermolecular two-photon resonances, and for ⌬ n ӷ n J 12 one obtains independent peaks due to excited state absorption at 1 ϩ 2 ϭ ϩ ϩ Ϫ and ប( 1 ϩ 2 )ϭ2ប⍀ nϭ1,2 ϩ⌬ nϭ1,2 .
In Fig. 5͑a͒ we display W TPA as a function of n for ⌬ n ϭ0. The splitting between the peaks increases with n and is symmetric with respect to the resonance at ϩ ϩ Ϫ . The origin of the asymmetric distribution of oscillator strength between the three peaks can be traced by looking at the different contributions which interfere to give the third-order susceptibility. In Fig. 5͑b͒ we show the spectrum which results from the scattering matrix only ͑setting all single exciton Green's functions equal to 1͒ while Fig.  5͑c͒ shows the spectrum which results from the one-exciton Green's functions only ͓setting ⌫ ␣ 1 ␣ 2 ,␣ 3 ␣ 4 ()ϭ1 in Eq.
͑3.21͔͒.
The third-order response vanishes for n ϭͱ2 and ⌬ n ϭ0 ͑harmonic system͒ as shown in Fig. 5͑a͒ . This property leads to a reduction of the TPA-signal in the vicinity of n ϭͱ2 even if a small anharmonicity is introduced. This can be seen in Fig. 6 where we put ⌬ n ϭ0.05 eV.
We next focus attention on case ͑2͒ where 1 is offresonant with respect to Ϯ and 2 is tuned through oneand two-exciton resonances. In Fig. 7͑a͒ we show W TPA as a function of 2 for ប 1 ϭ1.43 eV, ⌬ n ϭ0.1 eV, and n ϭ1. In addition to the three two-photon resonances we observe dispersive resonances when 2 is tuned across the oneexciton transitions. For comparison we show in panel ͑b͒ W TPA calculated using the LFA for the scattering matrix. The LFA only accounts for the dispersive features as well as for the two MDE's ͓see Eq. ͑3.16͔͒. From Eq. ͑3.16͒ it follows further that these peaks do not shift as n is varied. In other words, all information about the coupling between MDE and CDE is lost in this approximation. Finally, we investigate the resonance case ͑3͒ for 1 ϭ Ϫ . In Fig. 7͑c͒ we calculated W TPA for a three-level system with n ϭ0.5 and ⌬ n ϭ0.05 eV. If one-and twophoton resonances exist for similar frequencies of the probe beam, as it is the case in Figs. 7a and 7c , it is desirable to look at the different contributions to the spectrum. Figure 8 shows the spectrum calculated when only the four Green's functions are included in Eq. ͑3.21͒ and the scattering matrix is set equal to 1 ͓panel ͑a͔͒ together with the contribution of the scattering matrix only ͓panels ͑b͒ and ͑c͔͒. The Green's function contribution always gives dispersive features regardless of the pump and probe frequencies. Obviously only the interference with the complex exciton scattering matrix leads to the negative absorption peak at 1 ϭ 2 ϭ Ϫ ͑satu-rated absorption͒ and the excited state absorption at 2 ϭ ϩ in the two-level limit ͓panel ͑b͔͒. In the three-level case the two-photon resonances due to the scattering matrix no longer show up at 1 ϩ 2 ϭ ϩ ϩ Ϫ for the present parameters. This is a consequence of the interaction between MDE and CDE. Thus we observe a saturated absorption peak at 2 ϭ ϩ . This convenient way of interpreting the different resonances in terms of the Green's function and the exciton scattering matrix is very different from the more common SOS-approach which requires the knowledge of all transition energies and dipole matrix elements ͓see, Eq. ͑3.24͔͒.
Having considered the spectra for different pump and probe frequencies in the case of a dimer we are now in the position to investigate the more complex antenna aggregates.
B. LH2 of purple bacteria
In the following we apply the results of Section II to the outer antenna of photosynthetic bacteria. We will focus on Rps. acidophila for which the geometry of the LH2 is known to high precision. 3 However, it is commonly believed that the LH2s of other systems, such as the widely studied Rb. sphaeroides, are organized in a similar way.
Electron diffraction from crystals of the LH2 complex of Rps. acidophila 3 revealed 27 BChl a's, 18 of which are situ- FIG. 7 . W TPA for a three-level dimer with anharmonicity ⌬ n ϭ0.1 eV and n ϭ1: ͑a͒ full calculation for off-resonant excitation (ប 1 ϭ1.43 eV͒ and ͑b͒ local field approximation ͓Eq. ͑3.16͔͒. In panel ͑c͒ we show the full calculation for resonant excitation ( 1 ϭ Ϫ ), ⌬ n ϭ0.05 eV, and n ϭ0.5 ͑other parameters are as in Fig. 3͒ . ated on the rim of an inner ring and the remaining 9 molecules form an outer ring. The Q y -transitions of the BChl a's on the outer ͑inner͒ ring are responsible for the higher ͑lower͒ energetic absorption band ͓B800 ͑B850͒ in Rb. sphaeroides, for instance͔. On the basis of these data Sauer et al. 5 recently calculated the interaction energies, J mn , between different molecules using point-monopole transition moments and suggested two distinct S 0 -S 1 transition energies for the B800 (ប⍀ 800 ϭ1.55 eV͒ and the B850 (ប⍀ 850 ϭ1.52024 eV͒ molecules, respectively. The resulting parameters give a reasonable fit to the linear absorption spectrum of Rps. acidophila after convoluting the excitonic stick spectrum with a single Gaussian of 0.0372 eV FWHM representing line broadening. In the following we will use these parameters in our calculations of the nonlinear optical response. In the numerical simulations we will vary the anharmonicity, ⌬ n , and the the ratio between the transition dipole moments, n , assuming that the latter are parallel. It should be mentioned that estimates of these quantities have only recently been proposed on the basis of time-resolved pumpprobe data. 16 In Fig. 9 we show the linear absorption spectrum, Im
(1) (Ϫ 1 ; 1 ). The spectrum shows two peaks which can be assigned to the outer ring (E 800 ) as well as to the lowest (E 850Ϫ ) state of the inner ring one-exciton band. The highest (E 850ϩ ) state of the inner ring one-exciton band which is at about 1.58 eV also carries oscillator strength but cannot be resolved on this scale. 25 The spectrum after convolution with a single Gaussian ͑FWHM 0.0372 eV͒ is plotted as a dash-dotted line in Fig. 9 . The fact that only three excitonic transitions account for most of the oscillator strength of the system results in a considerable reduction of numerical effort. The sum over the N exciton oscillators in Eq. ͑3.21͒ can be restricted to these essential oscillators by introducing a cutoff for ␣ . We have checked numerically that this truncation leads only to a slight overall reduction of the magnitude of the TPA.
We first investigate the structure of the two-exciton band using case ͑1͒ of Fig. 3 in which no one-exciton resonances are involved. For simplicity we hereafter use the same ⌬ n and n for all monomers. In Fig. 10 we show the variation of W TPA with anharmonicity for n ϭ0.5. As in the dimer case the intramolecular S 1 → S 2 transitions become well separated from the two-exciton band as ⌬ n is increased, i.e. the interaction between MDE and CDE is reduced. Note, that there are only two distinct intramolecular resonances on the blue side of the spectrum since in the present model of the LH2 there are only two different monomer transition energies. In Fig. 11 we display the dependence of W TPA on n for zero anharmonicity ͓panel ͑a͔͒ and for ⌬ n ϭ0.05 eV ͓panel ͑b͔͒. First we notice that the response completely vanishes for n ϭͱ2 and ⌬ n ϭ0 and that it is considerably reduced for n ϭͱ2 and ⌬ n ϭ0.05 eV. More striking, however, is the fact that in both cases with increasing n the oscillator strength for two-photon absorption accumulates in the band edges of the two-exciton band. This effect can be attributed to the circular symmetry of the LH2 and it does not show up in the less symmetric LHC-II as we will see shortly. Finally, it should be mentioned that W TPA in Figs. 10 and 11 reflects the behavior of the exciton scattering matrix. The contributions due to the Green's functions show no resonances similar to that of the dimer ͑Fig. 5͒.
Next we tune 1 in the vicinity of a one-exciton transition. Here we focus on the highest exciton state of the B850 band, E 850ϩ . So far there is no experimental evidence for the existence of an optically active state E 850ϩ , which could allow us to determine the overall bandwidth of the oneexciton manifold. This in turn should provide a test for theoretical calculations of the intermolecular coupling strengths. We have verified that the oscillator strength for this transition vanishes if the coupling matrix, J mn , given in Ref. 5 is modified as follows: There is only nearest neighbor interaction within the inner ring and the coupling between the inner and the outer ring is turned off.
In order to find signatures of the E 850ϩ state in the TPA- signal we have calculated W TPA for ប 1 ϭE 850ϩ ϭ1.581 eV ͑Fig. 12͒ and for ប 1 ϭ1.6 eV ͑Fig. 13͒ in the two-level limit. The upper panels include the phenomenological lifetime broadening only, and in the lower panels the spectrum has been convoluted with a single Gaussian ͑0.0372 eV FWHM͒ to account for inhomogeneous broadening. In both figures the resonance features around E 850ϩ cannot be resolved on this scale since the response in the vicinity of E 800 and E 850Ϫ is much stronger. Nevertheless, the curves are remarkably different. For resonant excitation the correlation between the highest and the lowest state of the B850 band leads to a negative absorption at E 850Ϫ and two rather strong excited state absorption peaks on the blue side of this state. The feature at E 800 is dispersive due to the rather weak coupling between the inner and the outer ring, i.e. there is no strong two-exciton transition close to E 800 for this setup. For off-resonant excitation the response at E 800 and at E 850Ϫ is dispersive. This totally different behavior persists when line broadening is included ͓Figs. 12͑b͒ and 13͑b͔͒. In Figs. 14 and 15 we used the same excitation conditions but included S 1 → S 2 transitions with ⌬ n ϭ0.05 eV and n ϭ2. As in the two-level case, the existence of an optically active state, E 850ϩ , strongly affects the TPA-signal if the pump beam is tuned on resonance with this transition. More interesting, however, is the fact that the incorporation of higher intramolecular transitions results in strong excited state absorption in between E 850Ϫ and E 800 and on the blue side of E 800 ͓compare the broadened spectra in Figs. 12͑b͒-15͑b͔͒ . The latter feature is reminiscent of the redistribution of oscillator strength for two-photon absorption seen in Fig.  11 , even though the situation is more complex here due to the interference with the one-exciton transitions.
C. LHC-II of green plants
We next focus attention on the LHC-II which lacks the high symmetry of the LH2 system. Spectroscopic investigations ͑e.g., electroabsorption 26 ͒ indicate that there are several distinct one-exciton transitions contributing to the absorption spectrum. The low resolution of the structural data 2 does not allow an unambiguous identification of the Chl a and Chl b molecules or an assignment of the respective orientations of the transition dipole moments. The functionality of the LHC-II, however, suggests the chlorophylls closest to the carotenoids to be Chl a ͑7͒, while the remaining are Chl b ͑5͒. Using this assignment, the low temperature absorption spectrum has been successfully simulated using the methods developed in Ref. 27 , and assuming the transition dipoles to be parallel to the membrane plane. 28 In contrast to a perpendicular arrangement, this configuration was shown 29 to reproduce the correct behavior of the ultrafast transient absorption reported in Ref. 11 . This is also in accord with polarized absorption and fluorescence studies which gave an average orientation of the transition dipoles within the Chl a domi- nated band at 676 nm of about 12°with respect to the membrane plane. For the Chl b dominated band at 640 nm this angle was found to be about 35°. 30 It should be noted that an attempt has been made recently to assign orientations to the individual chlorophylls based on a modeling of linear and circular dichroism spectra. 31 So far, however, this rather complicated task gave only unambiguous information about the orientation of three out of the twelve chlorophyll molecules. Possible orientations of the remaining molecules have been inferred from ultrafast pump-probe measurements.
14 Concerning the S 1 → S 2 transition, the available informations indicate a rather strong Chl a singlet excited state absorption ͑MDE͒ for wavelengths in the region of Chl b S 0 → S 1 transitions in LHC-II. 11, 14, 17, 32 However, in order to explore the principal effects of MDE in non-symmetric aggregates like the LHC-II we will vary ⌬ n and n over a broad range, assuming the same values for all monomers. Figure 16 shows the linear absorption according to Ref. 28 of the LHC-II without ͑solid line͒ and with inclusion of inhomogeneous broadening ͓convolution of the total spectrum with a single Gaussian ͑FWHM 0.0186 eV͒, dashdotted line͔. Compared with the LH2 ͑Fig. 9͒ the spectrum has a much richer structure with ten distinct exciton transitions. The two main peaks in the broadened spectra are dominated by Chl b ͑blue side͒ and Chl a ͑red side͒ molecules. In Fig. 17 we calculated W TPA in the two-exciton regime as a function of the anharmonicity for n ϭ0.5. As in the previous model systems, the intramolecular S 1 → S 2 transitions show up as distinct excited state absorption peaks on the blue side of the band if ⌬ n increases. Note that there are only seven distinct peaks since some monomer transitions energies are assumed to be equal in the present simulation ͑see the caption to Fig. 16͒ . The behavior of W TPA upon increasing the ratio n if ⌬ n is fixed is shown in Fig. 18 ͓⌬ n ϭ0 panel ͑a͒, ⌬ n ϭ0.05 eV panel ͑b͔͒. Besides the expected greater complexity compared with the corresponding LH2 spectra, W TPA for LHC-II is different in two respects: First, for the same value of ⌬ n the signal does not show the strong reduction in magnitude for n ϭͱ2 ͑compare, Figs. 11b and 18b͒. Second, there are no signatures for an accumulation of all oscillator strength in the edges of the twoexciton band, as was the case in the highly symmetric LH2.
Finally, we show the TPA-signal in the two-level limit ͑Fig. 19͒ and for a three-level system ͑Fig. 20͒. The frequency 1 is tuned in resonance with the highest state of the one-exciton manifold (ប 1 ϭ1.916 eV͒ which is due to Chl b. In both figures the spectra show four strong absorptive peaks. Three are in the Chl b region and the fourth is positioned at the main peak of the Chl a absorption band. This indicates the relatively strong coupling between some pigments in the Chl b pool and between the highest state in the Chl b dominated band and Chl a molecules. The inclusion of a third intramolecular level (⌬ n ϭ0.025 eV and n ϭ1) yields a strong excited state absorption to the blue of the Chl b absorptive feature ͓compare broadened spectra in panels ͑c͔͒. The contribution to the susceptibility of the exciton scattering matrix only is shown in panels ͑b͒. It indicates the positions of two-photon resonances. Their magnitudes are affected by the interference with the one-exciton Green's functions.
V. SUMMARY
The formulation of the nonlinear optical response using coupled anharmonic excitonic oscillators provides a powerful tool for the study of large aggregates. The third-order susceptibility can be expressed in terms of one-exciton Green's functions and an NϫN exciton scattering matrix. This is a clear advantage compared with the conventional sum-over-states approach which requires the calculation of 2Nϩ(NϪ1)N/2 eigenstates and the corresponding transition dipole matrix elements. It further allows a semiclassical interpretation of optical spectra in terms of free motion and scattering processes of excitons.
The formalism has been applied to the calculation of frequency-domain two-photon absorption spectra of lightharvesting antenna complexes possessed by purple bacteria and green plants. The LH2 and the LHC-II are structurally very different; this is reflected in the third-order response. The parameters in our calculation, such as the anharmonicity and the ratio between the S 1 → S 2 and the S 0 → S 1 have been chosen to highlight possible scenarios. Under certain conditions we predict the accumulation of oscillator strength in the two-photon transitions to the edges of the two-exciton band in LH2 and that the manifestations of the E 850ϩ state are experimentally observable. Even though the quality of structural information about the antenna systems is rapidly improving, simulations of linear absorption and circular or lin- FIG. 15 . The same as in Fig. 13 ear dichroism spectra based on the refined geometry are only recently coming out. In particular only few studies on the singlet excited state absorption of chlorophyll molecules in the antenna complex have been reported. 14, 16, 17, 32 The time-resolved signals in the pump-probe setup at low temperature 33 as well as the room temperature photon echo and transient grating data 8 show a clear evidence for a coupling of the excitation energy transfer to nuclear vibrational modes of the BChl a monomers and of the pigmentprotein complex in the LH2. Room temperature vibrational quantum beats have also been found in other complex biological systems such as the photosynthetic reaction center of purple bacteria. 34 There are no observations of quantum beats due to vibrational motion for the LHC-II yet. From the theoretical point of view, a complete description of the coupled exciton-vibrational dynamics in large aggregates is an extremely challenging task. Using an approach based on the reduced density matrix formulated in localized excitonvibrational eigenstates it was shown that the exact treatment of a dimer including one nuclear degree of freedom per monomer approaches the limits of present computers. 29, 35 The restriction to a few relevant excitonic variables reduces the number of equations of motion compared with a full density matrix description considerably. Even though there are schemes to incorporate weak exciton-phonon coupling into this formalism 22 a theory which is capable of accounting for strong coupling in large aggregates is yet to be developed.
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APPENDIX A: DEFORMED BOSON REPRESENTATION OF MULTI-LEVEL MOLECULES
We consider an aggregate made of molecules with a ground state and M excited states. We further assume that all molecular transition dipoles are parallel and the only nonzero transition dipole matrix elements are between adjacent levels, i.e. ͉ f n ) and ͉ f n Ϯ1). For simplicity we neglect line broadening in the following derivation. 19 . TPA-signal for LHC-II using resonant excitation at ប 1 ϭ1.916 eV ͑highest one-exciton state͒ in the two-level limit ͓͑a͒ only lifetime broadening, ͑b͒ contribution due to the exciton scattering matrix only, ͑c͒ convolution with single Gaussian ͑FWHM 0.0186 eV͔͒.
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